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ABSTRACT

The tensor product of zero-divisor graphs of variation monogenic semigroups I'(VSy,,) and I (VSZ,,) is studied. The vertices(x}, x3) and (x¥,x])
of the tensor product of this graph are adjacent whenever gcd(i, k) = 1,i + k >n, gcd(j, f) = 1,j + f > m. Some properties of tensor product
graphs are obtained, such as girth, diameter, chromatic, clique and domination numbers.
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1. Introduction

The zero-divisor graphs on semigroups were widely investigated in
many studies; for example, DeMeyer er al. (2002), DeMeyer er al.
(2005), Wright (2007) and Anderson and Badawi (2017).

Das er al (2013) studied zero-divisor graphs of the monogenic
semigroup ['(Sy), which is defined as x. x/ = x**J = 0 ifand only
if i + j > n.Then, Al Subaiei and Akwu (2020) modified the graph in
the work of Das er al (2013) by adding one more condition,
ged(i,j) =1, and named the graph the variation monogenic
semigroup I'(VSy). These two graphs have different properties. For
example, when n =8, the graph of Das er a/ (2013) has
diam(I'(Sug)) =2 . X(T'(Smg) =5 . y(I'(Sye)) =1, and
w(T(Syg)) = 5. Meanwhile, the graph of Al Subaiei and Akwu
(2020) has diam(T'(VSyg)) =3 X([T(VSyg) =3
y(T'(VSug)) = 2, and w(T'(VSys)) = 3. Also, when n is prime,
the two graphs have different properties. For example, whenn = 7,
the graph of Das eral (2013) has X (I'(Sy7) = 4. vy(T'(Sy7)) = 1,
and w(I'(Sy7)) = 4, while the graph of Al Subaiei and Akwu (2020)
has X(T(VSy7) =3, vy(T(VSy7)) =1, and w(T(VSy7)) = 3.
These differences led us to further investigate the results of the
properties of the variation monogenic semigroup graph, such as the
tensor product.

The concept of the tensor product on graphs has been studied well
and a sufficient amount of rich material can be found in the literature.
Some examples are Harary and Trauth, Jr. (1966), Sampathkumar
(1972) and Asmerom (1998). The tensor product of zero-divisor
graphs of monogenic semigroups was investigated by Akgunes er a/.
(2014). This work will extend the investigation of the monogenic
semigroup graph of Akgunes er a/ (2014) to the variation monogenic
semigroup graph and hence will use the same notation.

A set with an associative binary operation is called a semigroup. The
semigroup that is generated by one element is called a monogenic
semigroup. A monogenic semigroup with zero is denoted by Sy,
where 1 is the order of the semigroup. The nonzero elements of Sy,
are referred to as the vertices of the graph I'(Sy;,). In Al Subaiei and
Akwu's work (2020), the undirected graph of the variation
monogenic semigroup with order n denoted by I'(V Sy, ) was given,
and the two vertices x! and x/ are adjacent if and only if the

following conditions are satisfied:
xt.x) = x*J = 0ifand only ifi + j > nand gcd(i, ) = 1()
wherex!andx/ € V(I'(VSyn)) and1 < i,j < n.

For basic general information about graph theory properties, we refer
the reader to Bondy and Murty (1976). In general, for any graph G,
V(G) is known as the set of vertices in G. If the two vertices X, y are
adjacent, then xy € E(G). The distance (shortest path) between two
vertices is denoted by dr(¢). The diamerer, denoted by diam(I" (G))
is  defined as  diam(I'(G)) = max{dr)(x,y):x,y €
V(I'(G))}. The length of the shortest cycle in the graph is known as
the girth. The degree of the vertex xt, denoted by degr(x* 1), is the
number of vertices that are adjacent to x*. The maximum degree of
I'(G) is denoted by A(I"(G)), while the minimum degree of I' () is
denoted by §(I"(G)), which means the number of the largest and
smallest vertex's degrees, respectively. The subset D of V(G) is a
dominating set of G if each vertex of V(G)\D is adjacent to at least
one vertex of D. The domination number, y(G), is the dominating
set with minimum cardinality. The cligue number, w(G), is the
maximum number of vertices in any clique where the clique is a
complete subgraph of graph G. The chromatic numberof G, X is the
minimum number of colors assigned to the vertices of G suchthatno
two adjacent vertices have the same color. When w(G) = X (G), the
graph G is a perfect graph, according to Lovasz (1972). For agraph G
with ordern, a coprime labeling of G is a labeling of its vertices with
distinctintegers {1,2,...,n} such thatthe labels on any two adjacent
vertices are relatively prime. A coprime graph is a graph that has
coprime labeling.

Consider the simple graphs G; and G. It is known that the rensor
productG; @ G, hasthe vertexset V(G;) X V(G3), where any two
vertices, (g1, g2) and (hy, hy), are adjacent if and only if g1h; €
E(Gy)and g h, € E(G).

In our work, we will consider the graphs of the variation monogenic
semigroup I'(VSj;,,) and T(VSZ,,,) and study the tensor product of
these graphs. It is known in the theony of graphs that when any two
vertices, (xi,x) and (xf, xz) are adjacent, it means that
(xl,xz)(xl, fz) € E(F(VSMn) ® F(VSMm)) In this work, two
ad]acent vertices, (x!, xz) and (x¥, xz) will be written as
(i, x ) — (xk ,xz) Since the graphs T(VSjy;,,) and T(VSZ,,) are
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simple, then (xi, xé) is not adjacent to (xf,xzf) wheneveri = k or
j =f . Therefore, (x{,xé) — (xf,x{) whenever xt — x¥ and
xé - x{.That is:

xixf € E(T(VS},)) & x)x] € EC(VSEin)
ged(i,k) =1,i+k>ngcd(,f)=1,j+f>m

2. Results

In this section, we give some tensor product characteristics of the
variation monogenic semigroup graphs T (VSi,) ® T(VSZm). The
condition of the greatest common divisor on the graph of the
variation monogenic semigroup makes the structure of the proofs in
this work depend on the highest prime numbers p; and p; being less
than or equal to nn or m, respectively.

The following results give the maximum degree and minimum degree

of the tensor product graph T(VSiy) ® T(VSgm).

2.1. Theorem: Let p; and p; be the highest prime numbers less or
equal ton and m, respectively. Then, the maximum and minimum
degrees of T'(VSy) @ T(VSEy) are AT (VSin) ®
I (VSim))) = (b1 — D2 — 1) and ST (VSin) ®
T (VSzm))) = 1 respectively.

Proof. When p; =n and p, =m, then gcd(py,j) =1 and
gcd(p, k) =1 where 1 <j<n and 1 £k <m. Hence, the
result follows from Akgunes er a/ (2014). Otherwise, we assume that
p1 #n, and p, #m, then vertex (x1 ,xzz) has the maximum
degree. Therefore, (X1 ,x2 2y — (xf,x5) when py+d>n,
gcd(py,d) =1, py +s>m and ged(p,,s) = 1. Hence, d >
n—p; and s >m—p, . Since the graph is a 5|mple graph,
(x1 ,xzz) is not adjacent to itself. Therefore, deg((x1 ,xzz)) =
|d||s| , where |d|=(Mn—-(Mm=p))—1=p;—1and |s| =
(m—(m—pz)) —1=p; —1. Thus, the maximum degree is
(1 — D2 - 1)

Since 1 isrelatively prime with any numberandn + 1 > nand m +
1> m, the vertex (x4, x) is adjacent only to (x{", x3*). So, the
minimum degree is 1.

The following two results are on the diameter and girth of the tensor
product graph T(VSk,) ® I'(VSZ,). The diameter of the tensor
product graphs of the monogenic semigroup I'(S;,,) & T'(SZ.,). as
shown in Akgunes eral (2014),is 4 whenn = m > 3,and the girth
is 3 whenn = m > 3. However, in the case of the tensor product
graphs of the variation monogenic semigroup, the diameter is 4
when n =m > 6, and the girth is 3 when n,m > 4 as shown
below.

2.2. Theorem: Let n = m be positive integers. For any variation
monogenicsemigroup graphs I'(V S}, and I'(VS%,,) with order n

andm, respectively,diam(F(VS,l‘,,n) X F(VSAZ,,m)) =
(4, ifm>6

5 ifm<6,n>4and (nm)+# (6,m),where gcd(6,m) # 1

7, if (n,m) = (6,2),(6,3),(64)
Proof. We split the problem into the following cases:

Case 1: If m > 6, the diameter can be considered as the distance
between (x4, ;) and (1, x2) whenever nis a positive integer and
m is even, which is given below:
n ,m p b n ,m-1 2
(1, x2) — (21, x3") — (31, %5) — (1, x2" ) — (%4, %3)

where p is a prime number less than n and m in the first and second
coordinate, respectively. Also, frn a positive integer and m odd, the
diameter can be viewed as the distance between (xq,%;) and

(xf, x3) given as follows:
(1, 22) = (e, x5%) — (o], x5) — (6~
Hence, the diameter is 4.

Case 2: If m < 6,n > 4 and (n,m) # (6,3), (6,4). The diameter
of the graph can be viewed as the distance between (xq, x;) and

Lagh) = (x x2)

(x1, x3*) whenever M is even and is given below:
p— 2
(1, x2) — (%1, %3 )—(x ;—(x x7") — (1, x2)
= (%1, xz

Also, whenever m is odd, the diameter can be viewed as the distance
between (x1, X5) and (1, x3*), given as:

(%) — (e, 25 — (67, x5 3 = (7t

— (X1, X,

Hence, the diameter is 5.

X3 — (% x2)

Case 3: Whenever (n, m) = (6,2), the diameter can be viewed as
the distance between (x, x;) and (x4, x22) given as:
(x1, %) — (%7, %3) — %xjﬁ: xz% (( — (¢t x3) — (xf, 23

X1, X2 X1, %3
Whenever (n,m) = (6,3), the dlameter can be viewed as the
distance between (X1, x;) and (xy, x3), given as:

R 7

Whenever (n,m) = (6,4), the diameter can be viewed as the
distance between (xy, x,) and (x;, x%) given as:
(o1, x2) = (7, 23) — (x x3) — (e, ) — (3, %
e~ G G
Hence, the diameter is 7.
2.3. Remark: Whenever (n,m) = (6,6), the diameter is 6, which
can be viewed as the distance between (X, x;) and (xy, x3), given
as:
(o) = () = () — (o) = (e D) = e 2
— (%7, x5).
2.4. Theorem: For any variation monogenic semigroup graphs
I'(VSin) and IT'(VSZ,,) , the girth of the graph I'(VSi,) ®
r'(VSZ,)is

3, ifnm>4
4, ifn>4andl1<m<4
4, ifl<n<4,andm>4

not exists ifn<4andm <4
Proof.Letp, and p; be the highest prime numbers less or equal to 71
and m, respectively. By definition of ['(VSk,,) ® ['(VSZ,,). for
n,m > 4 we have:

-1 -1 -2 -2
(xl ‘x22) _ (xp1 X 5’2 ) (xp1 X ;72 )_ (xf1'x§2)

Since when n,m >4 we have gcd(p;,pi—1) =1, p; +p; —
1>nm,gdlpi—1Lpi—2)=1,pi—1+pi—2 > n,rri,
gcd(pl,p1 2)=1, andp1 + pi— 2 > n,m.So, xp1 xP1™

2

pl bi— l

xl andx - X; wherel =1lor2.

Forn > 4and1 < m < 4,we have that,ifm = 4 or 3:

P xd) — (P ad) = (x]’;1 2 xd) — (P x3)

- (x1 » X2
whileifm = 2:

@t ad) = () 5 6 ) — T )
Jc1 ,xz
For1 <n < 4andm > 4, by using a similar argument as above,
the result follows (exchange 1M with in the above case).

Forn,m < 4, itis clearthatxlJ ! p ¢Osmce2p—3>nm

1 1 2 2
Therefore, (xp1 pz ) is not ad]acent to (xp1 xgz ), which
implies that there is no cycle connecting (x1 ,xzz) forn,m < 4.
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Hence, the girth does not exist in this case.

Forn =1, itis clear from the definition of the tensor product that
there is no vertex adjacent to the vertex (%1, x¥). Hence, the result
follows.

2.5. Example: Consider the graph I'(VSys) & I'(VSy10) - Then,
from the above results, A(I'(VSys) @ I'(VSy10)) =24 ,
ST (VSys) @ I'(VSu10)) =1 , diam(I'(VSys) ®
T'(VSpm10)) = 4, and girth(F(VSys) @ I'(VSy10)) = 3. While,
the graph T'(VSy7;) @ '(VSya) has AT (VSy7;) ®
rvsys)) =12, ST VSu) @I'(VSua)) =1,
diam(I'(VSy7;) & I'(VSys)) =5, and girth(I'(VSy,;) ®
r'(VSys)) = 4.

The following definition apeared in Al Subaiei and Akwu (2020).

2.6. Definition: For a postive integer n , the set m(n) =
{p1, P2, ..., Dx} is the set of consecutive prime numbers less or equal
to nsuch thatpy + Py > nand w*(n) = |mw(n)|. Also, for positive
integers S; where [E] < sf < nand the following is satisfied:

1.
2. ch(sf p)f) = lforallpy € w(n)
3. ged(sf,s) = 1forany palr[ 1 < Sf,Sl <n

the numbers of 57 are denoted by S* = |s¢|.

For simplicity, suppose that the graph ['(VSk,,) has *(n) and S7,
while the graph T'(VS%,,) has T*(m) and S3. It is also known from
Al Subaiei and Akwu (2020) that X (T(VSy)) = @(T(VSyy,)) =
m*(n) + S7 . By using these facts, we establish the following
theorems on the chromatic number, clique number and domination
number of [(VS},) ® ['(VSZ,,.).

2.7. Theorem: For any variation monogenic semigroup graphs
I'(VSy,) and I'(VS%,), the chromatic number of I'(VSy,) &
' (VSgm) is given as:

n*(n)+S7{, ifn<<m
X VSign) @ T(VSim)) =
n'(m)+S;, ifm<n

Proof- Suppose thatTL < m. From the definition of (1) and T(m),
we know that (x1 ,xz H-— (xptxp’l) for any pf,p; € m(n) and
P Pn € m(M). AIso, we know from the definition of the tensor
product that (x1 ) l) is neither adjacent to (x1 ,le) nor
(x ,xPr). Sincen < m,m*(n) < m*(m). Then, we can assign all
vertices that have the same flrst coordinator to the same color. For
example, all p; € m(m), (Jc1 ,le) will be in the same color.
Therefore, we need *(n) distinct colors.

Consider the vertex (xff,xgl) where pr € m(n) and p; € m(m).
Then, for any prime numbers 1, z that satisfyr € m(n) orz € m(m),
it is clear that the vertices (xl,xz) and (x},x5) where1<i<n
and1 < j < mecanbe assrgned the same color as (xp 51). If color
C; is assigned to vertex (x1 ,x2Y) where pr €Em(n) and p; €
m(m), then it is obvious that x] xlf ¢ E(T'(VSy,)) and xzzxgl &
E(F(VS,%,n)) This implies that color C; can be assigned to all vertices
(x],x3) and (xf, xZ) where 1 < i < nand 1<j<m

. . s1
Now, consider the set of vertices (x xzﬂ) (™, 2q) such that
n
SipsSie € T(n) 53y 53 € (). [2] < 537, e < n. and [2] <
521’52q <m . From the definition of 51f and 52, .+ we have
31 51e S31
(x X570 — (] ) and (1"‘2) (x; xz)
Moreover we know from the definition of the tensor product that
s Sie S
(x, v, 21) is neither adjacent with (x Zq) nor (x;*%,x,°").
Since n <m, S] < S; . Therefore, S§ needs more colors for the
. Sif 53 .
vertices (xllf, x,°). The leftover vertices (xf,x;‘), wherel < g <
nand 1 < h < m, can be assigned to one of the colors assigned to

vertices (xlslf,x;”) if gcd(g,s1f) # 1and ged(h,s3) # 1. The
vertex (X1, X, ) can be assigned to any color that has not been assigned
to (x7', x3*). Therefore, there are T*(n) + S; colors needed to color
the graph T(VSj,) @ T(VSZ,) . If m < n, by using a similar
argument, we can show that there are T*(m) + S colors needed to
color the graph T(VSk) ® T(VSZm).

2.8. Theorem: For any variation monogenic semigroup graphs
I'(VSiyyn) and T'(VS%y) . the clique number of I'(VSi,) ®
I'(VSZy) is given as:

M) +S;, ifn<m
O (VShn) ® T(VSE)) =

n'(m)+S;, ifm<n
Proof. Suppose thatn < m. From the definition of () and w(m),
we know that (xff,xgl) — (xffxph) for any ps,p; € m(n) and
P, Pn €E m(M). AIso, we know from the definition of the tensor
product that (x}”,x5") is neither adjacent to (x7*,x%) nor
(x ,xPr) . As t*(n) < m*(m) shows, there are m*(n) different
Vertlces that are ad]acent to each other. Next, consider the set of vertices
(x x2”) (xsle Zq) such thatmslf, Sie € T(N) , S31,55q €
n(m), [ ] < sifS{e <7, and [ ] < szz,szq <m. From the
definition ofSl and Sz,we know that (x xZZZ) - (xsle qu) and
(x1 , x5 (x xZZl) where py € m(n) and p; € m(m). Since
S{ £ S, there are more S7 vertices in the clique.
Suppose that p; and p, are the least prime numbers in (n) and
m(m), respectively. Consider the vertices (xf, xzz),where 1<k<
py and 1<z <p,. The vertex (x¥,x%) is not adjacent to
(xf ’) since k + p1 < mnandk + p, < m. Moreover, (x§, x%)

is not adjacent to (xl 2l) sincek + s7f <nandk + 53, <m.
Therefore, the clique number is T*(n) + S; whenm < n, and by
using a similar argument, we can show that T*(m) + 53 is the clique
number.

Using the knowledge of relatively prime numbers to study the

structure of tensor product graphs of the variation monogenic
semigroup, as well as observing Theorem 2.7 and Theorem 2.8, since

XTI (VSign) @ I'(VSizn)) = 0(I'(VSipn) ® I'(VSigm))
n*'n)+S;, ifn<m

n'(m)+S;, ifm<n

we discover that the graph ['(VSi,) ® [(VSg,,) preserves the

perfectness property, as stated in the next lemma.
2.9. Lemma: The graph I'(V Sjy,,) @ I'(VS,y) is a perfect graph.

The tensor product graph of the monogenic semigroup I'(Siy,) ®
T(S4y) of Akgunes er al (2014) proved that X(I"(S,%,,n) ®

I(Sim)) = Min (x(r(s}v,)),x(r(sﬁ))). This result is also
true for the tensor product graph of the’ variation monogenic
semigroup, which can be deduced from Theorem 2.7. So,
X(PVSk) ® T(VSEm)) = Min(X (C(VSH)), X T VSE))):

From Akgunes er a/ (2014), the domination number of the tensor
product of the graph of the monogenic semigroup is 3. However, the
domination number of the tensor product of the variation monogenic

semigroup graph cannot possibly be 3, as shown below and from
Theorem 2.11 in Al Subaiei and Akwu (2020).
2.10. Theorem: For any variation monogenic semigroup graphs
I'(VSy,) and T'(VS%,,), the domination number of I'(VSi,) &
' (VSim) is given as:
YOV Sin) @ T(VSiim))
_[2r@VSy))YT(VSim)), nor mprime
y(TWSLE))y(T(VSE,)),  Otherwise
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Proof. According to Al Subaiei and Akwu (2020), the domination

number of any graph I'(V Sy, ) is as follows:

® Ifnisprime, then fromy (F(VSy,)) = 1sayx™

e Ifnis not prime and M — p does not contain a prime number t such that
gecd(n, t) # 1,where p isthe highest prime number less or equal to 7. Then,
we need one more vertex, say XP , such that y(I'(VSy,)) =2 =
[{x™, xP}|.

® Ifn — p contains a prime number t such that gcd(n,t) # landp +t <
n, then we need the additional vertex xr,p <r<nsuchthatr +t >n
and gcd(r,t) = 1.Therefore, y(I'(VSyy,)) = 3 = [{x™, x7,xP}|.

® Ifn — p contains t and g where t is a prime number and ¢ = 0 (mod t)
such that gcd(n,t) # 1,p +t <nand p + q < n. Also, for 1, where
p<r<n,gcd(r,t)=1,and r +t >n but gcd(r,q) # 1. Also,
since gcd(n, t) # 1, we have gcd(q,n) # 1. Therefore, we need vertex
x°, p<s<n such that s+q>n and gcd(s,q) =1 . Then,
YT (VSun)) = 4 = [{x",x7, x%,xP}|.

Now, from the above, lety (I'(VSk,,)) = k and ]/(F(VS,ZV,m)) =1L

Next, we split the problem into the following two cases:

Case 1: When 1 and m are both prime or when 1. or m is prime.

Ifnis prime and m is not or n and m are both prime, let D represent
the domination number and construct (k + 1) X [ Latin square,
where k + 1 = {x™ x"1}. Also, if m is prime and n is not,
construct k X (I + 1) Latin square, where [ + 1 = {x™, x™1}.
Then, the Latin square (k+1)xI1 or kx(l+1) gives
2y(CVSy )y (T (VSE,)) . Al vertices of T'(VSi,) ®
T(WVSZm)\2Y (T (VSin))y (T(VSE.m)) are adjacent to at least one
vertex in 2y (T(VSy )Y (T(VSZ,,)) . Therefore, we have D =
ZV(F(VS,\l,,n))}/(F(VS,\Z,,m)), which is the desired result.

Case 2: When both n and m are not prime.

Construct Latin square k X [ where k takes care of n number of rows
and [ takes care of m number of columns. Hence, the Latin square
k x 1 gives ygr(VS},m))y(]I;(VSﬁ,m)), which is the domination
number of T(VSy,) ® I'(VSZ,,) whenever nandm are not
prime, since all vertices in T(VSyn) @ T(VSZ)\
Y(CWVSi )y (L(VSm)) are adjacent to at least one vertex in
YOV Sin))Y TV Sim))-

2.11. Example: Consider the graph I'(VSy10) @ I'(VSyo) . Then,
X (T (VSy10) @ T(VSyo)) =4, y(I' (VSm10) & I'(VSuo)) =
6, and w(I'(VSy10) @ I'(VSyo)) =4 . While the graph
F'(VSug) @ I'(VSue) has X' (VSus) @ I'(VSye)) =3
Y(I'(VSue) @ I'(VSye)) = 4 and w(I'(VSyg) @ I'(VSue)) =
3.

Lastly, we draw our conclusion with the following remark.

2.12. Remark: The tensor product graph I'(VSk,) ® F'(VS%,)
can be viewed as a coprime graph. By Equation (*) and definition of
r(Vsi,) ® I(VS%,), we have that any pair of vertices in
r(Vsi,) ® r(vs%,,) are adjacent if and only if their labels are

relatively prime.
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